Let I be a regular proper ideal in a Noetherian ring R, let e ≥ 2 be an integer, let T e = R[u, tI, u
1 t ), and let r e = u 1 e T e . Then the Itoh (e)-valuation rings of I are the rings (T e /z) (p/z) , where p varies over the (height one) associated prime ideals of r e and z is the (unique) minimal prime ideal in T e that is contained in p. We show, among other things: (1) r e is a radical ideal if and only if e is a common multiple of the Rees integers of I. Theorem 1.1. Let I be a regular proper ideal in a Noetherian ring R, let R = R [u, tI] be the Rees ring of R with respect to I, let (W 1 , Q 1 ), . . . , (W n , Q n ) be the Rees valuation rings of uR, for j = 1, . . . , n, let uW j = Q j e j (so e 1 , . . . , e n are the Rees integers of I),
and let e ≥ 2 be an arbitrary common multiple of e 1 , . . . , e n . Also, let S = R[u (1.1.1) r is a radical ideal, so the Rees integers of r and of (u 1 e S) a are all equal to one.
(1.1.2) There is a one-to-one correspondence between the Rees valuation rings (V * , N * ) of r and the Rees valuation rings (W, Q) of uR; namely, if F (u) is the quotient field of W , then V * is the integral closure of W in F (u 1 e ).
(1.1.3) Let (V * , N * ) and (W, Q) be corresponding Rees valuation rings of r and uR, respectively, as in (1.1.2 ), so W = W j for some j ∈ {1, . . . , n}. Then QV * = N * e e j , so the ramification index of V * relative to W is equal to
Actually, the only part of this theorem that S. Itoh specifically stated in [5] was that r is a radical ideal when e is the least common multiple of e 1 , . . . , e n . His proof of this essentially shows that (1.1.1) -(1.1.3) hold, but his goals in [5] were to prove several nice applications of the radicality of the ideal r, not to find additional properties of the Rees valuation rings of this ideal.
However, it turns out that the Rees valuation rings of ideals like r have some additional nice properties, and the goal of this present paper is to derive some of these properties. To facilitate discussing these valuation rings we make the following definition. 
DEFINITIONS AND KNOWN RESULTS
In this section we recall the needed definitions and mention the needed known results concerning them.
Definition 2.1. Let I be an ideal in a ring R. Then:
(2.1.1) R ′ denotes the integral closure of R in its total quotient ring.
(2.1.2) I a denotes the integral closure of I in R, so I a is the ideal {x ∈ R | x is a root of an equation of the form X n + i 1 X n−1 + · · · + i n = 0}, where i j ∈ I j for j = 1, . . . , n. The ideal I is integrally closed in case I = I a .
(2.1.
3) The Rees ring of R with resect to I is the graded subring R(R, ], then there is a one-to-one correspondence between the associated prime ideals p of bR ′ and the associated prime ideals q of bA; namely, q = p ∩ A, and then ( N 1 ) , . . . , (V n , N n ) be all of the valuation rings of E that are extensions of V to E (so the integral closure V ′ of V in E has exactly n maximal ideals M 1 , . . . , M n and V j = V ′ M j , j = 1, . . . , n), and for j = 1, . . . , n, let
e j f j ≤ e, and the equality holds if the integral closure V ′ of V in E is a finite V -module. The next three propositions are known, but we do not know specific references for them, so we sketch their proofs.
f ], and let
Therefore W and D satisfy the Fundamental Equality with no splitting (see Terminology 2.4). Proposition 2.7. Let M be a maximal ideal in a Noetherian ring R, and let m(X) be a
, and
is a simple free integral extension ring of R of rank equal to deg(m(X)).
Proof. By considering the maps
, where χ is a root of the
is a maximal ideal in R[x]; and, R[x] is a simple free integral extension ring of R of rank equal to deg(m(X)). 
, where
Proof. Since t is transcendental over R and u = 1 t , there is a one-to-one correspondence between the minimal prime ideals z in R and the minimal prime ideals z ′ in R; namely, z ′ = zR[u, t] ∩ R, and then z = z ′ ∩ R. Thus it follows from Remark 2.2.3 that it suffices to prove this proposition for the case when R is a Noetherian integral domain.
Therefore assume that R is a Noetherian domain, fix b ∈ {b 1 , . . . , b g }, let C = R[I/b], and . For this, tb / ∈ p ′ for some b ∈ {b 1 , . . . , b g }, by [8, Lemma 3.2] (the assumption in [8] that R is analytically unramified is not used in the proof of Lemma 3.2). Therefore W = R[ 
PROPERTIES OF ITOH (e)-VALUATION RINGS
In this section we show that Itoh (e)-valuation rings have several nice properties. For this, we need the following proposition, which is essentially a corollary of Proposition 2.7. N 1 ) , . . . , (V n , N n ) be the Rees valuation rings of I, let e 1 , . . . , e n be the Rees integers of I, let e be an arbitrary common multiple of e 1 , . . . , e n , and let f j = e e j (j = 1, . . . , n). Also, let R = R[u, tI] be the Rees ring of R with 
Then there exists a unit θ ∈ V * such that (U,
valuation ring of I that is a simple free integral extension domain of W and P = QU is the maximal ideal in U , so the ramification index of U relative to W is equal to one (see
Also, QU = πU = yU , where y = u 1 e j , and
. Therefore W and U satisfy the Fundamental Equality with no splitting.
, and P V * = N * fj , so the ramification index of V * relative to U is equal to f j . Also, [V * : U ] = f j , and V * /N * ∼ = U/P , so U and V * satisfy the Fundamental Equality with no splitting. Then V * = U is a simple free integral extension domain of W , P = QU = u 
Let F be the quotient field of R/z, so F (u) (resp., F (u 1 e )) is the quotient field of R/z ′ (resp., V * and T/z * ). Also, by Definition 1.2, V * is a Rees valuation ring of u 1 e T, so V * is also a Rees valuation ring of (u 1 e T + z * )/z * , by Remark 2.2.3, so V * is also a Rees valuation ring of (uT + z * )/z * , by Remark 2.2.5. 
is a (height one) associated prime ideal of bC ′ , and z is the (unique) minimal prime ideal in C ′ that is contained in p. Let N and Q be the maximal ideals in V and W , respectively. Then Q = N W by Proposition 2.8, so
Let N = πV , so, by hypothesis, bV = IV = N e j = π e j V . Therefore uW = bW = IW = Q e j = π e j W , so (3.2.8) there exist units v ∈ V and w ∈ W such that b = vπ e j and u = wπ e j .
Since b = u(tb) (see the last part of Proposition 2.8), it follows from (3.2.8) that
Let θ = w Continuing with the proof of (3.2.3), we next show that U ≤ V * , and we first show that θ ∈ V * . For this, wπ e j = u, by (3.2.8), θ = w 1 e j , and u 1 e ∈ V * , so θπ = (wπ e j )
e j is integral over W and is a unit, W ≤ V * , and V * is integrally closed in F (u 1 e ), so θ ∈ V * and is a unit in V * . Therefore U = W [θ] ≤ V * , and u 1 e j U = θπU = πU = QU = N * ∩ U is the maximal ideal in U . Thus, to complete the proof of (3.2.3), it remains to show that U is an Itoh (e j )-valuation ring of I.
e j ], and P ∩ R ′ = (P ∩ W ) ∩ R ′ = Q ∩ R ′ is a height one associated prime ideal of uR ′ , so P ∩ T e j = q, say, is a height one associated prime ideal of u 1 e j T e j (since u 1 e j ∈ P ).
Therefore U ≥ (T e j ) q , (T e j ) q is an Itoh (e j )-valuation ring of I, and U and (T e j ) q are DVRs with the same quotient field, so U = (T e j ) q is an Itoh (e j )-valuation ring of I. Thus Moreover, since V * is a finite free integral extension domain of W , and since V * is integrally closed, it follows that V * is the integral closure of W (= W j ) in the quotient field
Therefore it has been shown that if V * is an Itoh (e)-valuation ring of I,
z * is the minimal prime ideal in T that is contained in p * ); z = z * ∩ R and z ′ = z * ∩ R are minimal prime ideals in R and R, respectively; and, if F (resp., F (u)) is the quotient field of R/z (resp., R/z ′ ), then V * is the integral closure of
, and W is a Rees valuation ring of uR (and of (uR + z ′ )/z ′ ).
It follows that each Itoh (e)-valuation ring V * (with quotient field F (u 
for some (height one) associated prime ideal p ′ of uR, where z ′ is the minimal prime ideal in R that is contained in p ′ ; z = z ′ ∩ R and
e ] ∩ T are minimal prime ideals in R and T, respectively; and, if F (resp.,
is the quotient field of R/z (resp., T/z * ) and W ′′ is the integral closure of W in that:
h ] ′ are DVRs that are finite free integral extension domains of W ; the maximal ideal of U (resp.,
the ramification index of D relative to U (resp., U relative to W ) is equal to h (resp., 1); N 1 ) , . . . , (V n , N n ) be valuation rings with the same quotient field F , and assume there are no containment relations among the V j . Let V = V 1 ∩ · · · ∩ V n and let P j = N j ∩ V (j = 1, . . . , n). Then P 1 , . . . , P n are the maximal ideals in V and V j = V P j for j = 1, . . . , n. (1) W is a semi-local Dedekind domain with exactly n maximal ideals
(2) D is a simple free integral extension domain of W of rank e, and D has exactly n maximal ideals M j = (P j , x)D.
(3) There exist distinct elements θ 1 , . . . , θ n in the quotient field F (x) of D such that:
is a semi-local Dedekind domain that is a finite integral extension domain of D, and D ′ has exactly n maximal ideals
3) The Jacobson radical of D ′ is xD ′ .
(4) Assume that e 1 = · · · = e n = e and that there exists b ∈ I such that bW j = IW j for j = 1, . . . , n. Then, with D ′ , as in (3.1 ), and Q j = π j W j for j = 1, . . . , n, 
. . , n. Therefore it follows from the Independence of Valuations Theorem (see Remark 3.4) that V is a semi-local Dedekind domain with exactly n maximal ideals q j (j = 1, . . . , n). Thus V is a Principal Ideal Domain, by [12, Theorem 16, p. 278 ] , so for j = 1, . . . , n, there exists π j ∈ q j such that q j = π j V, so:
Rees integers of uR are e 1 , . . . , e n (by hypothesis), uW = P 1 e 1 ∩ · · · ∩ P n en = P 1 e 1 · · · P n en = π 1 e 1 · · · π n en W, so there exists a unit w ∈ W such that u = wπ 1 e 1 · · · π n en , hence (*1) there exists a unit w j ∈ W j such that u = w j π j e j (in W j = W P j ), for j = 1, . . . , n, where (*2)
Also, since e j is the Rees integer of I with respect to V j and IV j = b σ(j) V j , there exists a unit v j ∈ V j such that (*3) b σ(j) = v j π j e j in V j , for j = 1, . . . , n.
Therefore, since b σ(j) = u(tb σ(j) ) (in R ⊆ W j ), it follows from (*3) and (*1) that v j π j e j = b σ(j) = u(tb σ(j) ) = w j π j e j (tb σ(j) ), hence
and w j + P j is transcendental over V/(P j ∩ V) for j = 1, . . . , n.
For j = 1, . . . , n, let θ j = w j 1 e j in the (fixed) algebraic closure F (u) * of F (u). Then it is shown in Theorem 3.2.3 -3.2.5 that, for the Itoh (e)-valuation ring V j * of I,
and θ j is a unit in V j * , for j = 1, . . . , n.
Also, V 1 * ∩ · · · ∩ V n * is the integral closure W * of W in F (x), by Theorem 3.2.2, and x = u 1 e ∈ W * (since u ∈ W), so it follows that
Further, for j = 1, . . . , n, θ j = w j 1 e j ∈ W * , by (*2) and (*6), and by (*2)
Hence by (*2) and (*6) we see that
Then, for j = 1, . . . , n, x ∈ D ⊆ E ⊆ W * (by (*2) and (*6))
. . , n. Also, D and W * have exactly n maximal ideals, so it follows from integral dependence that E has exactly n maximal ideals. Further, for each integral domain A, A = ∩{A M | M is a maximal ideal in A}, by [7, (33.9) ]. Therefore it follows that
and (3.2) hold. Finally, for (4), let (V j , N j ) be the Rees valuation ring of I that corresponds (as in Proposition 2.8) to (W j , Q j ). Then it follows from the hypothesis on b that, for j = 1, . . . , n, 
Rees integers of I are all equal to e, it follows that (3.5.4.1) IV = bV = N e = α e V and IW = uW = Q e = α e W.
It follows from (3.5.4.1) that (3.5.4.2) there exist units v ∈ V and w ∈ W such that b = vα e ∈ V and u = wα e ∈ W.
Since b = u(tb) in R ⊆ W, and since Also, E is integral over W, so it follows that M 1 , . . . , M n are the only nonzero prime ideals in E, hence E is a semi-local Dedekind domain that is a simple free integral extension domain of W and QE = (
, and since w = u α e is a unit in W, it follows that θ = w The next remark lists several well known facts concerning finite field extensions and ramification. Remark 3.6. Let (U 1 , P 1 ) ≤ (U 2 , P 2 ) ≤ (U 3 , P 3 ) be DVRs such that U 3 is a finite integral extension of U 1 . Then:
Also, if we let r 3,1 (resp., r 3,2 , r 2,1 ) denote the ramification index of U 3 relative to U 1 (resp., U 3 relative to U 2 , U 2 relative to U 1 ), then:
Further, if U 1 and U 3 satisfy the Fundamental Equality with no splitting, then
It then follows from (1) -(4) and the Fundamental Inequality, (2.3), that: (2) Let W and U be corresponding (as in (1 )). Then U is a finite integral extension domain of W , and W and U satisfy the Fundamental Equality with no splitting, Proof. Let m be the least common multiple of e 1 , . . . , e n , and let e = k · m. Then it is clear For (2), it follows from the proof of (1) (1) If e is a multiple of k, then
(2) If e and k are relatively prime, then
(3) If the greatest common divisor of e and k is d, and if c ∈ N >0 is such that cd = k, then
Proof. For (1), let (U e , P e ) be the Itoh (e)-valuation ring of I that corresponds to (V, N ).
Then it follows from Remark 3.3 that P e = N U e and [(U e ) (0) :
follows from this, together with Remark 3.6.1 -3.6.3.
For (2), let (U ke , P ke ) be the Itoh (ke)-valuation ring of I that corresponds to (V, N ). 
Since e is a multiple of d, it follows from (1) that
Since c and e are relatively prime, it follows from (2) be the Rees ring of R with respect to I, let k ≥ 2 be an arbitrary integer, let
and let
Then the following statements are equivalent: Also, (2) ⇔ (3), by Remark 2.2.5, since
Assume that (2) holds and let (V 1
Suppose that k is not a multiple of e j for some j, let d be the greatest common divisor of k and e j , and let c ≥ 1 and h > 1 be integers such that cd = k and hd = e j . Then it follows from Proposition 3.9(3) (with (W j , Q j ) (resp., (V j * , N j * )) in place of (W, Q) (resp., (
However, h > 1, and this contradicts (2) . Therefore the supposition that k is not a multiple of e j leads to a contradiction, hence (2) ⇒ (4). 
Then the following statements are equivalent:
(1) The Rees integers of I are all equal to one.
(2) For all integers k ≥ 2, the ideal u
Proof. This follows immediately from Proposition 3.10(1) ⇔ (4).
A RELATED THEOREM
In this section, we first prove an expanded version of Corollary 3.5 and Theorem 3.2.6, and we then prove a closely related and more general theorem.
The next theorem is an expanded version of Corollary 3.5 and Theorem 3. Q 1 ) , . . . , (W n , Q n ) be the Rees valuation rings of uR, let e be a positive common multiple of the Rees integers e 1 , . . . , e n of uR, let
, and for j = 1, . . . , n, let P j = Q j ∩ W, so W is a semi-local Dedekind domain, Q is its Jacobson radical, and the ideals P 1 , . . . , P n are the maximal ideals in W. Then there exists an integral domain E with an ideal J such that:
′ is a semi-local Dedekind domain that is a finite integral extension domain of W, where x = u 1 e in a fixed algebraic closure F (u) * of F (u).
(4.1.3) J = xE is the Jacobson radical of E, E has exactly n maximal ideals M 1 , . . . , M n , and M j ∩ W = P j for j = 1, . . . , n. Proof. It is shown in Corollary 3.5(1) that: W is a semi-local Dedekind domain; Q is its Jacobson radical, and, the ideals P 1 , . . . , P n are the maximal ideals in W. For (4.1.4), it is shown in Corollary 3.5(3) and 3.5(3.2) that there exist θ 1 , . . . , θ n ∈ E
Also, W/P j ∼ = W j /Q j for j = 1, . . . , n. Therefore (4.1.4) follows from Theorem 3.2.5.
Since IE = uE, (4.1.5) follows from Corollary 3.5(3.3), and then (4.1.6) follows from We next consider a powerful classical theorem of Krull, and to state the theorem, we use the following terminology of Gilmer in [3] . N 1 ) , . . . , (V n , N n ) be distinct DVRs of a field F and for j = 1, . . . , n, let K j = V j /N j denote the residue field of V j . Let m be a positive integer. By an m-consistent system for {V 1 , . . . , V n }, we mean a collection of sets S = {S 1 , . . . , S n } satisfying the following conditions:
, and s j , e j,i ∈ N >0 .
(2) For each j, the sum
Definition 4.3. The m-consistent system S as in Definition 4.2 is said to be realizable if there exists a separable algebraic extension field L of F such that:
(2) For j = 1, . . . , n, V j has exactly s j extensions V j,1 , . . . , V j,s j to L.
(3) For j = 1, . . . , n, the residue field of V j,i is K j -isomorphic to K j,i , and the ramification index of V j,i relative to V j is equal to e j,i (so N j V j,i = N j,i e j,i ).
If S and L are as above, we say the field L realizes S or that L is a realization of S. except for separability, a realization of the e-consistent system S = {S 1 , . . . , S n } for the
Here, e is an arbitrary positive common multiple of the Rees integers e 1 , . . . , e n of uR[u, tI] (and of I), and for j = 1, . . . , n, Q 1 ) , . . . , (W n , Q n ) be the Rees valuation rings of uR, let W = W 1 ∩· · ·∩W n , and let k ≥ 2 be an arbitrary integer. For j = 1, . . . , n, let e j be the Rees integer of uR with respect to W j , and let d j be the greatest common divisor of k and e j . Also, let F be the quotient field of R, let F (u) * be an algebraic closure of F (u), and let E be the integral closure of W[x k ], where
E is a realization of the k-consistent system S ′ = {S 1 ′ , . . . , S n ′ } for the valuation rings
)}, where θ j,k is a root of X e j,k − w j,k (with w j,k playing the roll of w in (3.5.4.3) in the proof of Corollary 3.5), and
Proof. Item (4.4.1) follows immediately from Theorem 4.1 (it follows from Proposition 3.9 (1) that Q j W j [θ j ] is a prime ideal), and Item (4.4.2) follows from Proposition 3.9(3). N 1 ) , . . . , (V n , N n ) be distinct DVRs of a field F with
. . , n, let m be a positive integer, and let S = {S 1 , . . . , S n } be an m-consistent system for {V 1 , . . . , V n } with S j = {(K j,i , f j,i , e j,i ) | i = 1, . . . , s j } for j = 1, . . . , n. Then S is realizable if one of the following conditions is satisfied:
(1) s j = 1 for at least one j.
(2) F has at least one DVR V distinct from V 1 , . . . , V n .
(3) For each monic polynomial X t + a 1 X t−1 + · · · + a t with a i ∈ ∩ n j=1 V j = D, and for each h ∈ N >0 there exists an irreducible separable polynomial
with b l − a l ∈ N j h for each l = 1, . . . , t and j = 1, . . . , n.
Observation.
(a) Condition (1) of Theorem 4.5 is a property of the m-consistent system S = {S 1 , . . . , S n }. We can now state and prove the first new result in this section. It is closely related to Theorem 4.1, and it is also considerably more general. (4.7.6) The Rees integers of IE are all equal to m.
S is a realizable e-consistent system for {D 
where J = n j=1 ke j i=1 N j,i is the Jacobson radical J of E. Thus IE = J e , so (4.7.5) holds, and since E is a semi-local domain with Jacobson radical J, (4.7.6) follows immediately from (4.7.5), Definition 2.1.5, and Remark 2.2.4.
Remark 4.8. In the proof of Proposition 4.7, there are many cases when the simpler e- and i = 1, . . . , e j )"; . . . , (V n , N n ) (n ≥ 2) be the Rees valuation rings of I, let e j be the Rees integer of I with respect to V j (j = 1, . . . , n), and let e = km be a positive multiple of the least common multiple m of e 1 , . . . , e n . Then there exists an integral domain B e such that:
(1) B e is a semi-local Dedekind domain that is a simple free separable integral extension domain of R. lying over each M j (j = 1, . . . , n); and, (ID)E e = J e m , where J e is the Jacobson radical of E e . By separability L e = F [θ], so there exists r ∈ R such that r · θ is integral over R, so let domain C e such that:
(1) C e is a semi-local Dedekind domain that is a simple free separable integral extension domain of R.
(2) [C e : R] = e.
(3) The Rees integers of IC e are all equal to e. N 1 ) , . . . , (V n , N n ) (n ≥ 2) be the Rees valuation rings of I, let e j be the Rees integer of I with respect to V j (j = 1, . . . , n), and let e = km be a positive multiple of the least common multiple m of e 1 , . . . , e n . Assume that Rad(0 R ) is prime, say Rad(0 R ) = z. Then there exists a ring B e such that:
(1) B e is a simple free integral extension ring of R.
(2) [B e : R] = e.
(3) The Rees integers of IB e are all equal to m.
(4) zB e = Rad(0 Be ), so zB e is the only minimal prime ideal in B e .
(4.11.3) With the notation of (4.11.2), there exists a ring C e such that:
(1) C e is a simple free integral extension ring of R.
(3) The Rees integers of IC e are all equal to e.
(4) zC e = Rad(0 Ce ), so zC e is the only minimal prime ideal in C e .
Proof. The proof of (4. (1') B e is a semi-local Dedekind domain that is a simple free separable integral extension domain of R = R/z. Finally, for i =1, . . . , d 1 , the Rees integers of I i B i,e are all equal to e (by the last sentence in the second preceding paragraph), so it follows that the Rees integers of IB e are all equal to e.
To state an additional corollary, we need the following definition.
Definition 4.13. Let I and J be ideals in a ring R. Then:
(4.13.1) I and J are projectively equivalent in case there exist i, j ∈ N >0 such that (I i ) a = (J j ) a (see (2.1.2)).
(4.13.2) I is projectively full in case, for each ideal J in R that is projectively equivalent to I (see (4.13.1)), J a = (I k ) a for some k ∈ N >0 .
Remark 4.14. With Definition 4.13 in mind, it should be noted that Theorem 4.7.6 shows that the Jacobson radical J of E is projectively equivalent to IE, and since E is a semi-local Dedekind domain, it follows that J is a projectively full radical ideal whose Rees integers are all equal to one. 
